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Fi l t ra t ion  equations taking into account both flowing and stagnant regions of a porous medium [1] 
a re  solved for  a semiinfini te region by the f rac t ional -d i f ferent ia t ion  method [2, 3]. F o r  a given 
a r b i t r a r y  p r e s s u r e  change at t he  boundary :of the region the f i l t ra t ion ra te  at this boundary may 
be determined.  

F o r m u l a t i o n  o f  t h e  P r o b l e m  

E a r l i e r  [1], phenomenological  equations of liquid motion in a porous medium were  proposed,  taking into 
account the most  significant s t ruc tura l  fea ture  of the f i l t rat ional  flow - the p resence  of flowing and stagnant 
regions.  Taking this s t ruc tu re  into account must  have a nontr ivial  effect  on the p r e s s u r e  distr ibution in the 
liquid and the solid f r amework  and on the magnitude of the liquid flux (in compar ison with the general ly adopted 
assumptions of [4], which do not take into account the f i l t ra t ional-f low s t ructure) .  

Consider  the problem of descr ib ing  the f i l t ra t ion of a compress ib le  liquid in a semiinfinite region for  a 
given change in the p r e s s u r e  P0(t) at the boundary [1]: 
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Here  S 1 = P 1 - P e ,  $2 = P 2 - P e ,  where  P1 and P2 are  the liquid p r e s s u r e s  in the flowing and stagnant regions;  
Pe = const is the initial liquid p r e s s u r e  in the pore  volume. Analogous equations descr ibe  the f i l t ra t ion in 
c rackwise -porous  media [4]. 

The p r e s s u r e  gradient  at the boundary 0P1/SX)x = 0 = (SS1/SX)x = 0 will be determined.  This  quantity 
de te rmines ,  except  fo r  some constant f ac to r ,  the liquidflow rate  u at x = 0, since u = - (k/~t) (SP1/Sx ) [1]. 

D e t e r m i n i n g  P r e s s u r e  G r a d i e n t  a t  B o u n d a r y  

Eliminat ion of S 2 f rom Eq. (2), taking account of the initial condition, and substitution of the resul t ing 
equation into Eq. (1) gives the problem for  de termining S1 in the fo rm 
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Slit=0 = 0. (7) 

The s y s t e m  (4)-(7) is  solved by an opera t iona l  method.  The express ion  for  the p r e s s u r e  gradient  
a t  the boundary is 
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where  ~ = x(vy /a) t /2;  �9 = Tt; ~ = ( 1 - v ) / p .  

Equation (8) is not convenient  for  ana lys i s  and n u m e r i c a l  ca lcu la t ions ,  s ince it includes the opera t ion of 
d i f ferent ia t ion twice and an unde te rmined  in tegra l  th ree  t imes .  

An e x p r e s s i o n  is obtained for  the gradient  at  the boundary by the method p roposed  e a r l i e r  for  the hea t -  
conduction equat ion [2, 3, 5]. Cons ider  de r iva t i ve s  of a r b i t r a r y  o r d e r  v: 
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Tak ing  account  of  Eq. (9), Eq. (4) may  be r ewr i t t en  in the f o r m  
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Dimens ion less  v a r i a b l e s  will  not be cons idered  h e r e  in the main  pa r t  of the work ,  s ince d imens ion less  v a r i -  
ab les  do not of fer  the poss ib i l i ty  of compar i son  with the wel l -known solutions for  v = 0 and T = 0, ~ 

By analogy with [2, 3, 5], Eq. (10) is wr i t t en  as  the product  of two o p e r a t o r  f a c to r s ,  each  of which con-  
tains only the f i r s t  de r iva t ive  with r e s p e c t  to the coordinate :  
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It follows f r o m  a c o m p a r i s o n  of Eqs.  (10) and (11) that  the ope ra to r  L is defined by the p rope r ty  0-,] L 2 = e -vt + u ([~ - -  1) - -  ~ ~ e yr. 

It  may  be es tab l i shed  by d i r ec t  ve r i f i ca t ion  that  

L = e--VtMe vt, (12) 

and the ope ra to r  M may  be found by f o r m a l  expansion of the square  root  
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in powers  of D - t ,  so  that  ao = I; ai = y ( ~ - -  1)/2; oe = _ ( ~ z  +a~)/2', ak == - -  (1/2) ~ak_na~, k 9 3 .  
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Cons ider  the equation f o r m e d  by the r ight -hand f ac to r  in Eq. (11): 
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As in [3], it may  be shown that  all  the solut ions  of this  equat ion  a r e  solut ions  of the ini t ial  Eq. (10) and,  m o r e -  
o v e r ,  au toma t i ca l l y  sa t i s fy  Eqs.  (6) and (7). T h e r e f o r e ,  w r i t i n g  Eq. (14) with due r e g a r d  to  Eqs .  (12) and (13) 
f o r  x = 0 leads  d i r ec t l y  to the g rad ien t  at  the b o u n d a r y ,  in the f o r m  
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F o r  v = 1 (8 = 0), Eq.  (15) gives  
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which co inc ides  with the we l l -known solut ion of the p r o b l e m  f o r  e l a s t i c  f i l t r a t ion  condi t ions ,  d i s r e g a r d i n g  the 
ex i s t ence  of  f lowing and s tagnant  r eg ions  [41. 

F o r  v = 0, Eq. (15) gives  

OSt " - -  v : a  ~ ~=0= e-w 1 u - -  "~D -t errS0 (t) = e -vt V-~  D-~/-~ V D - ~  e w So (t) = V ' ~  e-riD -~/' eVtD ~/~" So (l), 

which co inc ides  with the r e s u l t  of [6]. 

F o r  Y = 0, Eq. (15) gives  a solut ion ana logous  to the case  v = 1, but with an e f fec t ive  p iezoconduc t ion  
coef f ic ien t  a/v.  

E x a m p l e  

C o n s i d e r  the usua l  case  of a s t epwise  change in p r e s s u r e  at  the boundary  S I ( - 0 ,  t) = S* = const .  As  in 
[6], it may  be  e s t ab l i shed  tha t  to the r igh t  of the boundary  the p r e s s u r e  then changes  a c c o r d i n g  to the law 
S0(t) = St(+0, t) = [1 - e x p ( - v t ) | S * .  In fac t ,  c o n s i d e r  ins tead  of  Eqs .  {1)-(2) the fol lowing equat ion fo r  SI: 
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To obtain the condit ion at the bounda ry ,  the o p e r a t o r  in Eq. (16) m u s t  be mul t ip l ied  on the  lef t  by the funct ion 
xt  and in teg ra ted  o v e r  the indicated  reg ion  [61. In the case  when y - -  ~o Eq. (16) t r a n s f o r m s  to the h e a t - c o n -  
duct ion equa t ion ,  and the condit ion at the boundary  to the condi t ion S O = S* = const .  

Let/3 = 1, i .e . ,  v = 1/2. Then  Eq. (15) had a p a r t i c u l a r l y  s imple  fo rm.  The  coef f ic ien ts  of the o p e r a t o r  
M a r e  then 

a2n = (__l)n .~2n, a2n+ ! == O. 
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Us ing  Eqs .  (14) and (9), and expanding  in s e r i e s  of  the exponent ia l  funct ion ,  the p r e s s u r e  g rad ien t  at the 
boundary  is found in the f o r m  
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In c o n t r a s t  to Eq. (8), Eq. (17) is v e r y  convenient  f o r  c o m p u t e r  ca lcu la t ions .  

I n  t)ae ini t ial  s tages  of the p r o c e s s  - r << (15/2) t/2 - the y r  of the boundary  changes  in p ropo r t i on  
1/2 I/2 to Ya t a c c o r d i n g  to Eq. (17) and aot  in p r o p o r t i o n  to a-i/2t-x/2 (as in the  ease  of [4], w h e r e  s tagnant  regions.  

w e r e  d i s r e g a r d e d ) ;  this  is due to the m a s s  t r a n s f e r  between the f lowing and s tagnan t  r eg ions .  
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N O T A T I O N  

is the piezoconduction coefficient;  
a re  the numer ica l  coeff icients  appear ing in the solution; 
is the f rac t iona l -d i f fe ren t ia t ion  opera to r ;  
is the permeabi l i ty  of the medium; 
a re  the o p e r a t o r s ;  
is the p r e s s u r e ;  
is the p r e s s u r e  d i f fe rence ;  
is the veloci ty  of liquid flow; 
a re  the coordinate  and t ime;  
is the absolute e r r o r ;  
is the m a s s - t r a n s f e r  constant between flowing and stagnant regions;  
is the liquid v iscos i ty ;  
is the f rac t ion  of f low-region volume in pore  space;  
is the poros i ty  r e f e r r e d  to f lowing-region volume; 
a re  the d imensionless  coordinate and t ime;  
is the function of v. 

Subscripts 

1 flowing re gions; 
2 stagnant regions;  
0 boundary x = O; 
e initial value. 
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